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Theory of Rydberg Series in Molecular Spectra
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In this note a method for calculating term values for molecular Rypsere series is given. The for-
mulae thus derived are applied to a calculation of the benzene and ethylene term values.

Before considering the appearance of RypBErG
series in molécular spectra, it is necessary to recall
a few facts concerning atomic spectra. We first re-
call that a RypBErc series of spectral lines arises
from an electron moving in an attractive electric
field which, to good approximation, can be consid-
ered as coulombic. If the field were truly coulom-
bic, as in the hydrogen atom, we would obtain the
spectral term values, T, as

; (- Z*R

2 b

1)

n=1,2,3,...,~; Z=1 for H; 2 for Hell, 3 for
Li ITI, etc.

Deviations from a coulombic potential manifest
themselves in atomic spectra in two ways: (a) the
appearance of non-integers in the denominator of
equation (1); (b) the appearance of non-integral
values ot the nuclear charge Z. Thus alkali and
X-ray spectral term values are written as
Zgy R

n¥2

Ty= y B¥=n—s8; n=1,2,3;..., 0. (2)
The quantity s is called the quantum defect and
the quantity Z; is called the effective nuclear
charge. In atomic spectra the quantum defects and
effective nuclear charges are calculated on the basis
of penetrating hydrogen orbits and atomic core
polarization effects 2

Now one would expect that when an electron in
a polyatomic molecule is sufficiently excited, the
net electric field acting upon it would be essentially
coulombic. Hence, one would expect series of spec-
tral lines in the far ultraviolet which obey the Rrrz
combination principle, the term values being given
by (2). This is indeed seen experimentally. Further-
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more, one would anticipate being able to compute,
by means of perturbation theory, the term values
for these RypBErG series. That this anticipation is
justified will be shown below.

Theory

To facilitate our calculations, we assume that the
net charge of a molecular ion is distributed over the
molecule according to the electronegativities of the
constituent atoms directly involved in the ionization
process: for example, the removal of a m-electron
in benzene would leave a uniformly charged ring
of carbon atoms, a charge of +e/6 at each atom.
Hence, we can write the Hamiltonian of a molecular
ion plus planetary electrons as

2
a |7a|
N (3)
where |r, | is the distance from atom a to the pla-
netary electron, p (t=z,¥,z) is the square of the
momentum of the planetary electron, and z, is the
net ionic charge associated with atom a. The Ha-
miltonian, as written in equation (3), neglects ex-
change effects insofar as they concern the orbital
electron.

We shall assume our unperturbed problem to be
that of the planetary electron at infinity, moving in
a hydrogenic orbital about the molecular ion. Thus

1
H= ’FHmo]é-cular ion + 27m (px2 + py2 3 ng) -

1 2
}lozﬂmoloculﬂr jon + m (pf - py2 - p22) = T_ff (4)
;

where g is the degree of ionicity of the molecule

and |r| is the distance measured from the centroid
of charge of the molecular ion to the hydrogenic

1 L. Pavuine and S. Goupsmir, The Structure of Line Spectra,
McGraw-Hill, New York 1930.

2 H. Warre, Introduction to Atomic Spectra, McGraw-Hill,
New York 1934.

@NOIS)

in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz verdffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

ND

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*“) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu erméglichen.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fiir Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



THEORY OF RYDBERG SERIES IN MOLECULAR SPECTRA

electron. The unperturbed wave function can thus
be written as
Y’0=Jl(1,2,...,n){@(l,.‘Z,...,n-l) (I)H(n)},

(5)
©(1,2,...,n—1) being the wave function of the
isolated ion core, @y (n) the hydrogenic orbital,
and A(1,2,...,n) the appropriate antisymmetriz-
ing operator. Hence, once we have decomposed the
complete Hamiltonian, H , as given in (3), into an
unperturbed part, H,, as given in (4), and a per-
turbation, H, we can determine the first order
energy correction to H, by the well-known quantum-
mechanical formula

E=f{P*H ¥, dv, (6)

¥, as in equation (5).
We can effect the desired decomposition of (3)

by use of the multipole expansion ? of 1/| r_,: |. Now

1 .
. 1_} - =(rP4+2.2—2rz,cos k)

| r—zq|
= l
_ TI\Z(E) Pi(cosiy) . (7)

=0

5
[7al

In equation (7) 9;1 is the distance from the centroid
of ionic charge to atom a, 4, is the angle between
7 and :;, ; and r_ ist the maximum of r and z,, r_
the minimum: r and _r:, are as defined in equations

(3) and (4), respectively. Hence

1 ,1’,+T1 [i(:i)lPl(cos;.”) — ’;1. (8)

| 7a| “Li=o 7

Inserting (8) in (3), we have
2

i | 3 P P e Z
H= 7_lmoh‘vul:lr ion T 9 - (pzz S p,z/2 + pzz) . 2a
m r

e? N r<\! 1 r>
- Zz,,lZ(r>) P;(cos 4,) — = ] (9)
a =0

Since X'z, is equal to g, the degree of ionicity of
the molecular core, we can write, on using (4)

oo T Dot

- =0 |
(10)

a

3 W. Macxus and F. OeruerTINGER, Formulae and Theorems
for the Functions of Mathematical Physics, Chelsea, New
York 1954.

753

The substitution of (10) into equation (6) yields
the correction to the hydrogenic energy levels due
to the skeletal charge distribution:

« BByt B — 8 4

n?

(11)

The desired term values for the molecule are then
obtained from equation (11) as
R E’

Tn T T

n® he

(12)

Application to Benzene

We shall in this section be concerned with the
calculation of the term values, T, , for the benzene
molecule with one electron in an np hydrogen orbi-
tal. The appropriate zero-order functions ¥
(j=1,2) are:

Py = (2)7" (6 1) 7 [y (1) o (2) vy (3)
y1(4) y_1(5) np(6)]
— o (1) v (2) wy(3) wy(4) yw_4(5) np(6)]],
(13)
Po® = (2)7" (6 1) 7" [|wo(1) vy (2) w_,(3)

w_1(4) yy(5) nP(6)l
— e (1) wo(2) w_1(3) w_1(4) v, (5) np(6)]1,

the v;(I=0,% 1) being the benzene molecular orbi-
tals. Now since by spin and orbit orthogonality

[e,0* W ¥, ®dr—0, (14)
the degeneracy of ¥, (j=1,2) is not lifted by
the np electron peneration. Hence, we can, for our
calculations, use either function. We shall choose to
use ¥,V in the following computations.

Now we have the relation
E’:fylom* HP,®
= [npH np—§([onp dr)([yy H npdr). (15)

If the z-axis is chosen perpendicular to the benzene
ring, we have v, is orthogonal to np, and np, by
symmetry, so that

E’-TJ/ = fnpf.z/ H np,,dr. (16)

However, np, is not orthogonal to ;. But in the
region of high principal quantum number n, their
overlap will be small, so that the last term in (15)
will be negligible in comparison with the first. Then
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we can write
E.=[np.,H np,dr. (17)

If |2, =z is the distance from the center of the

A.D.LIEHR

w_ & Z(\';‘)IZP,(COSZG) —6|, r>z.
=0 a=(

benzene ring to any carbon atom we have (10) as (18)
Now
(taking z, = 1/6 all a) )
cos Ag = cos ¥} cos =~ + sin ¥ sm—cos p—2"9,
H - — Z )ZP/(COS/ } T>T; 2 ( 6 )
=0 (19)
Then by the addition theorem for LeceENDRE polynomials?
+1
il l— m m ime ,—im2a
Pi(cos Ag) = Z EH’") P/ (cos 9) P, (cos 2)e v g—im2aals (20)
m=—1
Substituting (20) into (18) we have
i 7372 (l—m) m m eim 2nim/6)a ri
OI[Z( ) N n)'Pl (cos ) P, (cos ) PZ(e JIEE >r,
=0 m=—1
H _ 9? (l_m) m m( 1) imp ' —2ximl6ya _
6r[Z( ) S )'P (cos ) P, cos 5 |e Z(e ) =6, r>x (21)
=0 m=—1 =
Inspection of the appropriate Arcanp diagram shows that
Z(e 2aiml6ye _6 9, ¢ (k=0,1,2,..., ). (22)
a=0
So
oS +1
H = — Z_Z{Z Z gbimy (%)lpz”’(cos ir) P (cos g) —;}, z>r;
l=6m 6 m=—1
oo +1I
W e;{ Z Ze(;im,F (%)ll’f’"(cos 9) P (cos g) — 1}, r>zx. (23)
l=6m 6m=—1

Recalling that4
np, = (fﬂ)’zcm R,i(r) sin ¥ cos ¢ ;

np, = (4‘%)%0"1 R,i(r) sin¥sin ¢ ; (24)

3 \%
np; = <4—_[> Cnit Rnl (r) cos ) s

where c:‘:]fR;z,l (ry r*dr=1, we can write (16) and
0

(17) as
E,/ —E/ - 43:[ i /Ril(r) sinZ ) cos? ¢ H dr ;
’ (25)
E =L /Ril(r) ash T &y,

Before substituting (23) into (25) a great sim-
plification is introduced if one utilizes the substi-

tutions 3

cos? ) =%[2 Py(cos ) + Py(cos )] ;

(26)
sin? ) =3[Py (cos ) — Py(cos¥)],
together with the relation?
OfPI(cos ) Py (cos ) sin 9 di = 2712—+—716[‘[’ « (27)

4 L. Pavuixe and E. B. Wiuson, Jr., Introduction to Quan-
tum Mechanics, McGraw-Hill, New York 1935.
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If we now use (26) and (27) in (25) we have

E’—E' = -k [R,,l(r) ———Jr-dr+ R /Ril(r)r4dr+22/R';21(r)d' ;

E/ = —eck /R,”(r) -

Using the algebraic forms given in reference*

for the functions R, (r) in (28), we obtain the
numerical results given in Table 1. Also tabulated in
Table 1 are the term values assigned by Price and
Woob ? to the two strong RypBERG series which con-
verge to the same limit in the far ultra-violet spec-
trum of benzene.

n T Ta=Tny | K|(n+055)* R/(n—003):

218,602 cm—! |25,522 cm—! | 16,867 cm—1 | 28,261 em—*

3 0.744 11,378 8,703 12,434

4 5849 6,481 5.208 6.959

5 3.878 4188 3,561 4,440

6 2782 2,905 2,556 3,077
Table 1.

In a recent letter to the editor b, MorrirT and
the author have proposed that the observed Ryp-
BERG spectrum of benzene arises from a e, — np
transition. It is thus gratifying that our simple
model of the np RypBErG state of benzene yields
calculated term values in good agreement with ex-
periment 7.

Application to Ethylene

In this section we shall be concerned with the

calculation of the term values, T, , for an ethylene

2

H e

T

W _*
2r

[%8

\_
Il

=

5 W.C.Price and R.W.Woop, J. Chem. Phys.
[1935].

6 A.D. Lienr and W. E. Morritt, J. Chem. Phys. (to be pub-
lished).

3, 439

()Pl(cosﬁ)+P;(cos(7 D)) —2 ] , >,

z oo

(28)

fR,,lm Adr— 2 [ S

molecule having one electron in a np hydrogen
orbital. The appropriate zero-order wave function,
¥, , is thus given by

Yo=4{|w. (1) np(2)|—|w. (1) np(2)[}, (29)

where v, is the normalized by, molecular orbital
of ethylene. Substituting (29) in equation (6)
yields

E’ :fnp H np dz +fl,U$ np dr 'flp+ H np dr.
(30)

If we choose the z-axis in ethylene to be along the
carbon — carbon bond, we have that v, and np.,
are orthogonal. Hence

E,J/.E “Ir fnpx/.z H np, . dr. (31)

Unfortunately, v . is not orthogonal to np,. How-
ever, in the region of high principal quantum num-
ber n, their overlap will be small, so that the last
term in (30) will become negligible in comparison

with the first. Thus we can also write

E/ = fnp, H np, dr. (32)

If 2 2 is the carbon — carbon bond distance in the
ethylene plus one ion, we can write the perturbation
term given in equation (10) as (taking z; =z, = 1/2)

2 (r)lPI(COSfI‘)+Pz(COS(-7—19))—21-1, T>r;
x r]

(33)

“ Recently P.G. WiLkinson has re-investigated the vacuum
ultraviolet spectrum of benzene. His data are in good
agreement with those of Price and Woon . See Canad. J.
Phys. 34, 596 [1956].
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Since P;(—y) = (—1)!P;(y), equation (33) simplifies to

er_ e? J r
n 2z x
l =0

» €2 J = x\2 a
H = — l22<7) Py(cos ) =23, r>x.
=0

2 i( )ZIPZI(cosﬁ‘) 2= } x>r;

(34)

Substituting the relations contained in equations (24), (26), (27), and (34) into equations (31) and

(32), we obtain the desired energies

E/~E/= —ech [Ra()
0

’ 9 2 i i 9 2 2 22 2
B = —eten .[R"l(r) [Z‘Tl"drﬁLg‘iszm(r) f4dr+?fR"1(r) ‘i’}.
0 0 b=

If we use the algebraic forms given in reference*

for the functions R,;(r) of equation (35), we ob-
tain the numerical results presented in Table 2.

Price and Turre 8, and more recently WiLkiNsoN
and MuLLikex ?, have found in the far ultraviolet
spectrum of ethylene two weak RypBERG series con-
verging to the same limit, in addition to the strong
Whoy — ns RyDBERG progression. These two weak
series, tabulated in Table 2, were fitted by Price
and Turte to the term values R/(n+0.4)% and
R/(n—0.3)2. We shall give a plausible argument
for the assignment of these lines to the wps, — np
transition, in which the np RypBerc state of ethy-
lene is in the perpendicular form (Djg).

Th= Tn:

Tne=T [
nr ny i R/(n+0.4)2 1‘ R/(n—0.3)2

231,290 cm—! 24,590 cm—! 19,041 cm—! 37,951 cm—!

313,211 11,367 9,488 15,045

4 7,269 | 6,512 5,665 8,012

5 4,600 4.210 3,761 4,965

6/ 3,171 2,943 | 2,678 3,376
Table 2.

If we assume the RypBERG state of ethylene pos-
sesses the symmetry Dy, we would expect to see
at least one of the-transitions s, — ns, or nd, or

8 W. C. Price and W.T. Turre, Proc. Roy. Soc., Lond. A,
174, 207 [1940].

9 P. G. WiLkisson and R. S. Muruikey, J. Chem. Phys. 23,
1895 [1955].

10 Vibronic perturbations of a D2, Rypserc state also ac-
count for the appearance of the np hydrogenic levels.
However, the author feels that this mechanism is less prob-
able than the explanation given above. It is of course pos-

l_l}rzd
x ;

z o
1 2 5 2 dr
P R rar= [ Ra) L.
0 z

ng, etc. On the other hand, if we assume this state
has symmetry Ds; (or lower), we would expect to
see at least one of the transitions yny, — ns, or np ,
or nd, or nf, etc. Now because of the approximate
axial symmetry of both the Ds, and D3 RypBERG
states, we conclude that each of the degenerate
hydrogenic levels is split into the following number
of components: the np state possesses two compo-
nents, the nd three, the nf four, ng five, ete. It is
readily verified that all of these components are
optically allowed for a potential field of symmetry
Dsq or lower. For a potential field of symmetry
Dy, , one may easily show that all of the distinct
components of the even angular momentum hydro-
genic states are optically allowed. Hence, the only
consistent assignment for the RypBErc series of
ethylene is ¥ng, — ns +np . As the yiz, — np transi-
tion is formally forbidden for planar ethylene
(Dsn), but allowed for perpendicular ethylene
(Dsq), we conclude that ethylene is of the perpen-
dicular configuration in its np RypBErc state 1°. As
both planar and perpendicular forms of the ethylene
RypBerc state yield an allowed yns, — ns transition,
the preceding arguments yield no information as to
the configuration of the ns state !'. Since both our
qualitative and quantitative (see Table 2) considera-
tions agree with the experimental findings, we may

sible that the symmetry of the RypBerc state is lower
than D2y, or D2g . However, as the Rypsere level splittings
depend, to a first approximation, only on the axial carbon
atoms, the conclusions drawn above for D2q symmetry
hold equally well for the less symmetric configurations
of ethylene.

11 The theoretical considerations of MuLLikex indicate a pla-
nar ns state. See reference ® for further details.
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assign the two weak RypBERG progressions of Price
and Turte as (yb2u)® (Dan)— (ye) np (Dag) .

The results obtained for ethylene and benzene in
this and the previous section are also applicable to
the substituted ethylenes and benzenes, as the cal-
culations outlined above depended only on the form
of the carbon skeleton. However, only the quali-
tative results would be expected to be valid for these
substituted compounds because of the resultant non-
uniform charge distribution.

Die Nukleonenverteilung in schweren Kernen *

Von C. H. vox Kenscurrzkr und K. WiLpermuTH

Institut fiir theoretische Physik der Universitdit Miinchen
(Z. Naturforschg. 11 a, 757—758 [1956] ; eingegangen am 2. August 1956)

In einer friiheren Arbeit! wurde gezeigt, dall eine
relativ stairkere Anhdufung der Neutronen als der Proto-
nen am Rand schwerer Kerne im wesentlichen dadurch
zustande kommt, dafl auf die Protonen am Kernrand
eine stdarkere riicktreibende Kraft (Asymmetriekraft)
ausgeiibt wird als auf die Neutronen. Diese Asymmetrie-
kraft iberwiegt bei weitem die Couromssche AbstoBungs-
kraft der Protonen !. Die Verteilung der Neutronen und
Protonen wurde dabei sehr roh abgeschétzt. Zum Beispiel
wurde noch nicht beriicksichtigt, daf} das resultierende
Protonenpotential, das fiir die Kraftwirkung auf ein
einzelnes Proton mallgebend ist, wegen der elektrischen
Ladung der Protonen vom Kerninnern zum Kernrand

hin abfallt.

vir)
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Abb. 1.

Nach Fertigstellung dieser Notiz erschien eine Arbeit von
Ross, Mark und Lawsox iiber die Nukleonenverteilung in
schweren Kernen (unter Beriicksichtigung der Spin-Bahn-
Kopplung) 4. Hierbei wurden als Nukleonenpotentiale Po-
tentiale der Form V (r) = —V,/(1+e2(r—4)) genommen. Die
dort gebrachten Ergebnisse stimmen mit unseren Ergebnis-
sen in ihrem allgemeinen Verhalten gut iiberein.
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Note added in proof: Recently P. G. Wir-
kiNsoN (Canad. J. Phys. 34, 643 [1956]) has reinves-
tigated the vacuum ultraviolet spectrum of ethylene.
He has found a fourth Rypserc series having the same
ionization limit as the s, — ns transition. Since the
experimental term values, 7, =R/(n+0.05)2, of this
new RypBERG progression agree closely with those com-
puted for the why, — npsy transition, we assign this
new series as hp, —> Npzy . Lhis assignment implies
that the ethylene RypBere state is of a lower symmetry
than Daq .

Mit Hilfe der Integrieranlage der Siemens-
Schuckert-Werke in Erlangen wurde diese Dichte-
verteilung nun genauer berechnet. Insbesondere wurde
das Couroms-Potential der Protonen genauer beriicksich-
tigt. Als Modellkern fiir die Berechnung der Dichtever-
teilung der Nukleonen wurde der Kern Yb'% genom-
men. Das resultierende Neutronen- bzw. Protonenpoten-
tial wurde wieder aus der Weizsicker-Berue-Formel ab-
geleitet 1. Die Abfallsbreite des Kernpotentials am Kern-
rand wurde wieder zu 21073 cm angenommen!. Zur Be-
rechnung des Couroms-Potentials im Kerninneren wurde
eine gleichmidflige Verteilung der Protonen iiber den
ganzen Kern angenommen. Die Protonen- und Neutro-
nenpotentialtiefe wurde dabei so festgelegt, dal} die
Protonen bzw. Neutronen am oberen Rand der Fermi-
Kugel eine Bindungsenergie von ungefdhr 5 MeV be-
sitzen. Es ergaben sich damit die beiden in Abb. 1 an-
gegebenen Potentialformen.

10 m™ o _
- M\X%
o/

Abb. 2.
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1 K. WiLpermurs, Z. Naturforschg. 9 a, 1047 [1954]. — Siehe
auch: M. H. Jouxsox u. E. Teiier, Phys. Rev. 93, 357
[1954]. — P. Mirrerstaenr, Z. Naturforschg. 10a, 379
[1955]. — W. WiLp, Bayer. Akad. Wiss., Math.-Naturwiss.
Klasse 18, 371 [1956].



